The stability of axisymmetric plasmas confined by a closed poloidal magnetic field is investigated using magnetohydrodynamic equations with anisotropic resistivity and sound waves retained. It is shown that when the system is axially and up-down symmetric and the plasma beta = (plasma pressure/magnetic pressure) is finite, a resistive instability with a growth rate proportional to the cube root of the resistivity exists at the ideal stability boundary for up-down antisymmetric modes. Both the ideal and resistive stability of a Z pinch equilibrium and the point dipole equilibrium of Hazeltine [Phys. Rev. Lett. 82, 2689 (1999)] are studied in detail. For a Z pinch, ideal instabilities are found to always dominate over resistive instabilities. For the point dipole, ideal up-down antisymmetric modes are always stable, and the only resistive instabilities permitted have a growth rate proportional to the resistivity times the square of the azimuthal mode number.
I. Introduction
Plasmas confined by axisymmetric closed line poloidal magnetic fields are common both in nature (examples are stellar and planetary magnetospheres) and in the laboratory (Z pinches, field reversed configurations, multipoles and so on). Understanding of the stability properties of such plasmas is therefore important. Unlike tokamaks, where stability is provided by favorable average magnetic field line curvature, many of the closed field line systems have curvature which is unfavorable everywhere. Stability of such systems is provided by plasma and magnetic field compression due to the closed field lines (or to large trapped particle populations).
Recently, a number of articles have been published concerning plasma stability in closed field line systems and, in particular, in a dipolar magnetic field. These articles have in part been stimulated by the Levitated Dipole Experiment 1 (LDX) being constructed at the Massachusetts Institute of Technology, as well as by a general interest in the stability of magnetospheric plasmas. Different approaches have been used depending mainly upon plasma collisionality, the range of frequencies of interest, and the plasma β ≡ (plasma pressure/magnetic pressure). These treatments include ideal magnetohydrodynamics [2] [3] [4] (MHD), hybrid anisotropic pressure MHD-kinetic theory, 5 and electrostatic [6] [7] [8] [9] and electromagnetic [10] [11] [12] [13] kinetic theories. Earlier work considered the electrostatic kinetic stability of multipoles.
14 To the best of our knowledge, the influence of plasma resistivity on stability has not yet been investigated for such systems in detail. Stabilizing and destabilizing properties of the plasma resistivity are widely acknowledged to be important. Resistive modes have been studied for years (see for example the classic Refs. [ [15] [16] [17] ]), and resistivity frequently leads to instabilities with growth rates proportional to (resistivity) 1/3 . One of the essential features of most of the existing theories is a strong radial localization of these modes in narrow layers about special isolated or "rational" flux surfaces having closed field lines (neighboring field lines are open or "irrational"). However, in closed field line systems all flux surfaces are geometrically equivalent so resistive modes do not have strong radial localization.
In this paper we investigate the stability of axisymmetric closed field line configurations using linearized resistive MHD equations with anisotropic resistivity and coupling to sound waves. By considering the (ideally most unstable) limit of large azimuthal mode numbers it is possible to formulate the problem in terms of a system of two coupled second order differential equations, with appropriate boundary conditions, whose complex eigenvalues are the mode frequencies associated with each flux surface. These equations are derived in Appendix A and discussed in Sec. II.
Similar equations, with isotropic plasma resistivity, have been derived in Ref.
[
The anisotropic equations are then used in Secs. III and IV, respectively, to study the resistive stability of cylindrically symmetric equilibria (i.e. the Z pinch) and of point dipole equilibria. 
II. Equations
In order to study the effects of resistivity on the stability of axisymmetric plasma confined by closed poloidal magnetic field lines we use the standard linearized MHD equations (see for example Ref. using the ideal MHD energy principle. Therefore, we consider the limit n 1 to derive the following system of two coupled second order differential equations for the radial component ξ ψ of the plasma displacement ξ and a variable, W ≡ 4πΓp (∇ · ξ), related to the plasma compressibility:
4π dp dψ
Here and elsewhere, the equilibrium magnetic field is B = ∇ψ × ∇ζ with ψ the poloidal magnetic flux and ζ the toroidal coordinate, κ ≡n · ∇n is the magnetic field curvature withn ≡ B/B, R is a cylindrical radial coordinate, p and ρ are plasma pressure and density, respectively, Γ ≡ c p /c v is the ratio of specific heats at constant pressure and volume, η and η ⊥ are parallel and perpendicular resistivities, γ is the mode growth rate, and c is the speed of light. The quantities η ,⊥ and ρ are assumed to be functions of ψ only. Details of the derivation of Eqs. (1) and (2) are given in the Appendix A. When deriving these equations it is assumed that
. The quantity W describes plasma compression which has a stabilizing influence and must be retained to properly treat resistive modes.
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These equations describe shear Alfvén modes, sound waves, and resistive modes, and must be solved on each flux surface ψ = constant to obtain the corresponding eigenfunctions and eigenvalues, which are complex frequencies local to each surface.
The system of coupled differential equations (1) and (2) 
so that Eq. (1) becomes The fact that sound waves do not enter when the energy principle is used implies that they are always ideally stable.
The first terms of Eqs. (1) and (4) are identical except that the former is
2 γ times smaller than the latter. This change represents the fact that parallel resistivity allows plasma to "slip" through magnetic field lines, effectively reducing the stabilizing field line bending energy, which may result in an instability.
The physical meaning of the resistive terms in Eq. (2) is not so obvious. Evidently, some of them correspond to a resistive dissipation of energy, while others seem to describe the decrease in the perturbed pressure due to plasma "slipping" through the magnetic field.
The resistive time τ res ≡ (4πR sec, τ res ∼ 1.5n
where the upper bound on n is given by an MHD applicability condition k ⊥ ρ i < 1, resulting in the estimate n < 200. Here, k ⊥ ∼ n/R is the azimuthal wave number and ρ i is the ion gyroradius. Consequently, for the LDX plasmas (τ A /τ res ) < 2×10 −2
1.
Therefore, we may expect that resistivity, which always enters Eqs. (1) and (2) We begin by assuming that, in the vicinity of an ideal marginal point,
We then expand ξ ψ and W in powers of δ,
Focusing on the odd modes and using the preceding expansions, it is easy to solve Eqs. (1) and (2) order by order. Thus, Eq. (2) gives to leading order
which, together with periodicity of W 0 along a field line, requires W 0 = W 0 (ψ), so for an odd solution W 0 = 0. Then, Eq. (2) gives to next order
Using the leading order form of Eq. (1),
in Eq. (6) we obtain
where the flux function K (ψ) can be determined by field line averaging Eq. (8):
Equations (8) and (9) give then
Finally, using Eq. (10) together with the next order version of Eq. (1),
and introducing a quantity X ≡ ξ ψ1 + [W 1 / (4π dp/dψ)], we obtain
+ 8π dp dψ
Multiplying Eq. (12) by ξ ψ0 , averaging along the field line, noticing that the operator acting on X on the left-hand side of the equation is self-adjoint, and taking Eq. (7) into account, we arrive at the following expression for the growth rate near the odd mode marginal stability boundary:
where
is a positive quantity. It follows from a Schwarz inequality that the expression in the square brackets is always non-negative. The MHD applicability condition for expres- The preceding picture is, of course, greatly simplified, as we haven't accounted for the fact that the diffusion of plasma across the magnetic field due to η (mainly in the constant ζ plane) can also have a stabilizing influence. This stabilizing effect is described in our case by W 1 , a stabilizing compression (or rarefication) of plasma that reduces plasma perturbations. It happens that for Z pinch geometry, (B · ∇ξ ψ0 ) /R 2 θ = 0 and these stabilizing and destabilizing effects due to η exactly cancel for finite β, causing γ → 0. In all the other plasma configurations the destabilizing effect of parallel resistivity wins over the stabilizing effect and the η 1/3 resistive instability occurs if ideal marginality is accessible.
Considering the case of even modes in a similar way, it is possible to show that there is no resistive instability at the lowest ideal even mode stability boundary for β ∼ 1. The latter result is clear as the lowest and least stable ideal even mode is a flute at the marginal stability boundary so that the field line bending energy vanishes and can play no role in altering stability.
We have just proven from very general considerations that resistive instabilities with growth rates proportional to η 1/3 always exist at the ideal odd mode stability boundary (if it is accessible) in axisymmetric and up-down symmetric finite β plasmas confined by closed poloidal magnetic field lines, except for a Z pinch.
In practice, it is possible and desirable to avoid this strong η 1/3 resistive growth.
It does not occur in the Z pinches because (B · ∇ξ ψ0 ) /R 2 θ = 0. More interestingly, it can be avoided in magnetic configurations where ideal odd mode marginality is not accessible. Such a situation occurs for the point dipole equilibrium.
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In the next section we consider the Z pinch further to demonstrate that only resistive growth on the τ res time scale may be of concern. In Sec. IV we consider the point dipole configuration in detail. We again find that resistivity only leads to instabilities with growth on the τ res time scale.
III. Resistive Stability of a Z pinch Equilibrium
In this section we study resistive MHD modes for a Z pinch. This problem is briefly considered here as it provides important insights into the general problem since most of the results can be obtained analytically because all equilibrium quantities are constant along field lines.
The system of Eqs. (1) and (2) 
Of course, the dispersion relation (15) 
This equation has four roots,
whereγ 1,2 = 0 correspond to the absence of interchange sound waves, whileγ 3,4 are interchange shear Alfvén modes. It is clear that stability requires
The stability condition (18) for the m = 0 mode, obtained first by Kadomtsev 
It follows from Eq. (17) that parallel resistivity plays no role in the stability of the m = 0 modes in a Z pinch; while perpendicular resistivity does not change the stability boundary, decreases the growth rate of an ideally unstable mode, and damps an ideally stable mode.
B. Modes with m = 0
Next, we consider modes with m = 0. Dropping the resistive terms in Eq. (15) for the moment, we find that four ideal modes are present in the system with frequencies
where 
This stability condition has also been derived by Kadomtsev The four modes are strongly coupled at β ∼ 1, but decouple for β 1, forming two independent sets of (i) sound waves with frequencies (the "+" sign under the square root in Eq. (20))γ
and (ii) shear Alfvén modes with frequencies (the "-" sign under the square root in Eq. (20))γ
When deriving expressions (22) and (23) − α| the resulting expressions arẽ 
see that the necessary condition for resistive stability, |d| < 1, is equivalent to the requirement α < 4∆, which is less restrictive than the m = 0 interchange stability condition (18) . Therefore, interchange stability necessarily implies resistive stability for m = 0 modes in a Z pinch.
Finally, we consider m = 0 modes at the ideal stability boundary, α = m 2 , to test our earlier predictions (see Sec. II) that strong resistive instabilities withγ ∝η 1/3 are not possible at finite pressure. In this case, the general dispersion relation (15) becomes a cubic,
which can be solved perturbatively forη ,η ⊥ 1 to givẽ , we introduce the spherical coordinates r, θ and ζ; the quantities µ ≡ cos θ and R = r sin θ; 
As the point dipole equilibrium Determining the correct boundary conditions for the functions ξ ψ andW is difficult, as the equilibrium is singular at the point dipole position, µ = ±1. In fact,
so that the magnitude of the magnetic field becomes infinite as µ → ±1. Consequently, in order to find the correct boundary conditions at µ → ±1 we first have to obtain solutions of Eqs. (28) in this limit. Using approximation (30) in Eqs. (29) and (28) we find, after some algebra, four linearly independent solutions:
and
where only the leading terms are displayed.
Solution (34) The lowest even mode in Fig. 1(a) is the lowest shear Alfvén mode (and not the lowest sound wave). As a result, the lowest solid line practically coincides with the lowest dashed line. To check that this identification is correct we artificially make Γ go to zero. Then, for a sound waveω Resistive decay rates are found to be rather sensitive to mode coupling. As an example, Fig. 5(c) gives Re (γ) for the eighth lowest even mode for 0 < β < 1. As before, dashed, dashed-dotted and dotted lines show Re (γ) due toη ⊥ only,η only, andη ⊥ = 1.96η , respectively. Notice from Fig. 1(a) that the seventh, eighth and ninth even modes interact strongly at β between 0.3 and 0.5. These interactions are reflected in Fig. 5(c) where the resistive decay rate due toη ⊥ sharply decreases, while the resistive decay rate due toη sharply increases in the coupling region. Notice that, unlike the case of the lowest even and odd modes, parallel resistivity is stabilizing at all 0 < β < 1 for the eighth lowest even mode.
Finally, we consider the scaling of the resistive growth/decay rates with resistivity.
For all the point dipole cases considered it has been found that Re (γ) is proportional to the first power of resistivity. Re (γ) ∝η 1/3 are not found for the point dipole equilibrium because it has the special property that it is always stable with respect to ideal odd modes, consistent with the proof of Sec. II. The LDX experiment is expected to have this same property since it is designed to be stable to ideal odd modes.
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More general toroidal equilibria would be expected to permit marginal ideal odd modes and will therefore be susceptible to resistive instabilities with growth rate γ ∝ η 1/3 .
V. Conclusions
The resistive stability of plasma confined by an axisymmetric closed line poloidal magnetic field has been investigated using MHD theory with anisotropic resistivity.
By considering the most unstable modes with large azimuthal mode numbers, the system of resistive MHD equations has first been reduced to a system of two coupled second order differential equations for the radial component, ξ ψ , and divergence, W , of the plasma displacement. These equations take into account the stabilizing influence of plasma and magnetic compression, and retain shear Alfvén modes, sound waves, and resistive modes.
Recalling that strong resistive instabilities are only possible at ideal mode sta- Similarly, the ∇ψ and ∇ζ components of Eq. (A4) give to leading order
Considering next the ∇ζ component of the momentum equation (A2) we obtain to leading order in 1/n
Introducing W ≡ −4π p 1 + dp dψ ξ ψ (A11) and using Eqs. (A1), (A6), (A8) and (A10) it is easy to find from Eq. (A5) that
In addition, using the expression for Q ψ from Eq. (A9) and the definition of W , the B component of the momentum equation (A2) gives
To form Eq. (1) 
